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Introduction 



Let 

Hn = { Q G C^''''') I Q = Im Q > } 
be the Siegel upper half plane and let 

be the Siegel-Jacobi space. 

Notations : Here F^"^'^) denotes the set of all 

m X n matrices with entries in a commutative 
ring F and denotes the transpose of a matrix 
A. For an n X m matrix B and an n x n matrix 
A, we write A[B] = ^BAB. 

Let 

Sp{n, R) = { M G M(2n,2n) | tj^j^j^ = Jn ] 

be the symplectic group of degree n, where 

^» = (-1 'o) ■ 
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Then Sp(n,R) acts on Hn transitively by 



Mon = (AQ + + D) 



-1 



(1) 



where M = I ^ ^ | G Sp^n^R) and Q g Hn- 
Therefore 



5p(n,M)/t/(n) = Hn 
is a (Hermitian) symmetric space, 



Let 

^Km) ^ |(A,^,^) I A,/x G m(^'^), G m(^'^) } 
be the Heisenberg group. Let 

be the Jacobi group with the multiplication law 

(^0^ (^0^ Mo^ ^o)) • (^^ ^)) 

= (^MqM, (ao + a, /Io + '^o + ^ + AoV - mo^a)^ 



where (Ao,mo) = (-^o^Mo)^- Then acts on 
the Siegel-Jacobi space Hn,m transitively by 

(m,(A,m,/.)) (2) 



where M = -^j ^ '^^'C^' ^ 
and g Hn,m- Thus 



{n,m) 
R 



m 



is a non-reductive complex manifold, where 

K'^ = U{n) X Sym(n,M). 

Let r* be an arithmetic subgroup of Sp{n,M) 
and = r* K H^''^\ For instance, F* = 
Sp(n,Z). Here 

^(n,m) ^ |(A,^,^) G i^^""'"^^ I ^' ^' integral }. 



5 



We have the following natural problems : 

Problem 1 : Find the spectral decomposition 
of 

for the Laplacian An,m on Hn,m or a commut- 
ing set D* of G-^-invariant differential operators 

on Jin^m- 

Problem 2 : Decompose the regular represen- 
tation Rr-j of on L^(\~'l\G'^) into irreducibles. 

The above problems are very important 
arithmetically and geometrically. However the 
above problems are very difFiCUlt to solve at 
this moment. One of the reason is that it 
is difficult to deal with F*. Unfortunately the 
unitary dual of Sp{n,M.) is not known yet for 
n > 3. 
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For a coordinate (Q, Z) e Hn,m with Q = (^yL^i^) G 
Mn and Z = C^^^) g C^^'^), we put 



Q =X + iY, X 
Z =U + iV, u 

dO. ={du;i_iiy), dO. 

dZ =(^dz]^i), dZ ■ 



{duj^u), 



d 



on 

d 

dX 



1 + 6 



d 



1 + V 



d 



dx 



d 

~dZ 



dzii 
d 

\dzi 



n 



d_ 



d 

\dzin 



d 



d 

9V 



i + s 



d 



1 + S 



d 



dy 



d 

-J-\ 

dZmn/ 
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d_ 

dU 



d 

dV 



1^ 



n 



1^ 



d 
\dvi 



dUml 

d 



J 



n 



• • • 

_d_j 

dvmn/ 



1. Invariant metrics on Hn,m 

We recall that for a positive real number A, 
the metric 



is a S'pCn, M)-invariant Kahler metric on Hn in- 
troduced by C. L. Siegel (cf. [A] or [8], 1943). 
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Theorem 1 (J.-H. Yang [16], 2005). For 

any two positive real numbers A and B, the 
following metric 

^^n,m;A,B 

= A'tr(Y-^dnY-^dn^ 

+ tr(Y-^XdZ)dZ^ 

- tr(vY-'^dnY-'^XdZ) 

- tr(vY~^dUY-^XdZ) 

is a Riemannian metric on Hn,m which is in- 
variant under the action (2) of G'^. 
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For the case n = m = A = B = l, we get 

y ~\~ ^'^ / 2 2\ ^ ^ 2 2 

= — i dx -\- dy ) H [ du -\- dv 

y-^ \ ^ y ^ 



2v 



dx du + dy dv^. 



Lemma A. The following difrerential form 

_ [dX] A [dY] A [dU] A [dV] 

CLVri, TYl, i i — ^ 

(dety^+^+i 
is a G^-invariant volume element on Hn,m, where 

[dX] = A^^jydx^j^, [dY] = /\^<ydy^y, 
[dU] = Af,^i duj,i, [dV] = Aj,^i dvj,i. 

Proof. The proof follows from the fact that 

(dety)-(^+^)[dX] A [dY] 

is a 5'p(n,M)-invariant volume element on Hn- 
(cf. [9]) □ 
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2. Laplacians on Hn,m 

Hans Maass(cf. [3], 1953) proved that for a 
positive real number A, tine difrerential opera- 
tor 



is tine Laplacian of Hn for tine metric ds'^.^^. 

[3] H. Maass, Die Differentialgleichungen in 
der Tlieorie der Siegeischen IVIodulfunktionen, 
Math. Ann. 26 (1953), 44-68. 
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Theorem 2 (J.-H. Yang [16], 2005). For 

any two positive real numbers A and B, the 
Laplacian ^n,m;A,B of ds^^^.^^^ is given by 



A 



n,m',A,B 



= -Ur y Y-:^] 



—It^ 



+ tr yy-^'v [Y^ , 

\ \ dZj dZ 

( t( d \ d 
+ tr y [Y^] — 



dZj dn 



ItrfyAY^ 

B \ dZ \dZ, 
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For the case n = m = A = B = 1, we get 

Ai,i;i,i = y {—^ + 



2. I . 



MO ( M 

+ 2yv 1 

y dxdu dydv 



Remark : ds'^ ^.^ ^ and ^n,m;A,B ^re expressed 
in terms of the'trace form. !!! 



3. Invariant differential operators 

on Hri,m 

Let D(Hn) be the algebra of all Sp(n,R)- 
invariant difrerential operators on H^. For brevity, 
we set K = U{n). Then K acts on the vector 
space 
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by 



(3) 



The action (3) induces naturally the repre- 
sentation Tx of K on the polynomial algebra 
Pol (Tn) of Tn. Let 

Pol(Tn)^ = {pG Pol(Tn)| k - p = p, VA^GK} 

be the subalgebra of Pol(Tn) consisting of all 
K-invariant polynomials on Tn. Then we get a 
canonical linear bijection (not an algebra iso- 
morphism) 



en : Pol(Tn) 



K 



e(Hn). 



(4) 



Theorem 3. Pol(Tn)^ is generated by alge- 
braically independent polynomials 



(cj) = tr(|(ct;cJ)^^, i = 1,2, • • • ,n. 
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Proof. The proof follows from the classical in- 
variant theory or the work of Harish-Chandra 
(1923-1983). □ 



Remark. Let = &n(qi), 1 < i <n. Accord- 
ing to the work of Harish-Chandra, 

D(Hn) = C[Di,... ,Dn] 

is a polynomial ring of degree n, where n is the 
split real rank of Sp(n,R). 

Remark. &n(qi) = ^n;i 's the Laplacian of 
ds^.-^ on Hn- So far &n{qi){i = 2,--- ,n) were 
not written explicitly. 

Remark. Maass [3] found explicit algebraically 

independent generators Hi,H2, • • • ,Hn of D(EIn). 
We will describe Hi,H2r" explicitly. For 

M = ^ e 5p(n,M) and n = X + iY eUn 

with real X,Y, we set 

Q* = M-Q = X* + iY^ with real. 
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We set 



K = (n-n) — = 2iY — , 
V Jan 

d 





Then it is easily seen that 

= *(CQ + D)-^*{(CQ + £»)*k}, (5) 



A* = *(CQ + D)-^*{(CQ + D)*a} (6) 

and 

^ (7) 

Using Formulas (5), (6) and (7), we can show 
that 
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Therefore we get 
trf A*K* H ) = trf AK H • 



We set 



^(1) =AK + 

2 



We define A^^^ (j = 2,3, • • • ,n) recursively by 

2 



+ -(Q-n)*|(Q-Q)"^*(*A*40-l)) 
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We set 

Hj= tr(AO)), j = l,2,... ,n. (9) 

As mentioned before, Maass proved that Hi,H2, 
"',Hn are algebraically independent genera- 
tors Hi,H2r" ,Hn of D(E[n). 

sX* sX* >A< "^d^ "*X^ ''X^ "^X^ "*X^ "*X^ "*X^ "*X^ "*X^ "*X^ "*X^ "*X^ "*X^ "*X^ "^d^ "^d^ "*X^ ''X^ ''X^ ''X^ "^X^ "*X^ "*X^ "^d^ 

^ly* ^ly* *'Ts *'Ts *'Ts *'Ts *'Ts *'Ts *'Ts *'TN *'TN *'TN *'TN *'TN *'TN *'TN *'TN *'TN *'TN *'Ts *'Ts *'Ts *'Ts *'Ts *'Ts *'Ts *'Ts *'Ts *'Ts *'TN *'Ts *'Ts *'Ts ^Ts 

Let Tn,m = X C(^'^). Then K acts on Tn,m 

by 




(10) 

where h e K, uu e Tn, z e C^^'^). Then this 
action induces naturally the action p of X on 
the polynomial algebra 



Polm,n — Pol (Tn,m) 
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We denote by Pol^^^ the subalgebra of Polm,n 
consisting of all K-invariants of the action p of 
K. We also denote by 

D(Hn,m) 

the algebra of all differential operators on Hn,m 
which is invariant under the action (2) of the 
Jacobi group G'^ . Then we can show that there 
exists a natural linear bijection 



e 



Pol 



D(Hn,m) 



Of Pol^^^ onto D(Hn,m) 



The map &n,m is described explicitly as fol- 
lows. 

We put Ni, = n{n + 1) + 2mn. Let |r/a | 1 < 
OL < Ni,^ be a basis of Tn,m- If P G Pol^^^, then 



J {ta) = 
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where / g C^(Mn,m)- In general, it is liard 
to express &n,m{P) explicitly for a polynomial 



P G Pol^ 






We present the following basic K-invariant poly- 
nomials in Pol^,^. 

Pj{uj,z) = tr((cjcjy), 1 < i < n, 

^kp^ ^) = ^^)kpi 1 <k<p< m, 

fkp^^^^^^— ^^(^^^^)kp^ 1 < k <p <m, 
— (^^^^)kp^ 1 < k <p <m, 
where a; g and z g C^^'^). 
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For an m X m matrix S, we define tine following 
invariant polynomials in Pol^ 



m^^^(uj,z) = Re (t\'(ujuJ+ ^zSzY 
m^'^^{uj,z) = Im (t\'(ujoJ+ ^zSzy 

= Re(tr(^(u;u;yCzSzf{u;u;+ ^zSzy)^ 

= Im (tr(^{u;u;yCzSzf(u;U;+ ^zSzy)y 
where 1 < i,j < n and 1 < < m. 
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We define the following K-invariant polynomi- 
als in Pol^,^. 

where 1 < j < n and 1 < A; < m. 



There may be possible other new invariants. 
We think that at this moment it may be com- 
plicated and difficult to find the generators of 
Pol^ 

We propose the following problems. 



Problem A. Find the generators of Pol^ 



m,n 



Problem B. Find an easy way to express the 
images of the above invariant polynomials un- 
der the map &n,m explicitly. 
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Theorem 4. The algebra D(Hi x C) is gener- 
ated by the following differential operators 



+ 2yv — — h 



\ dxdu dydv 



dxdudv dy \ du^ dv^ 

+("1+0* 



and 



dx \ dv^ du^ J dydudv 

- V — VU, 

du 

where r = x + iy and z = u + iv with real 
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variables x,y,u,v. Moreover, we have 



dxdudv \ dv 



Remark. We observe that ^n,m;A,B ^ II^(Hn,m) 
We can show that 

/ d t/ d \ 
D = tr y — l^] 
V dZ \dzj 

is an element of D(Hn,m)- Therefore 

4 

^n,m;A,B --De D(Hn,m). 

The following differential operator K on B.n,m 
of degree 2n defined by 

K = det(y) det ( —( -L] 

is invariant under the action (2) of G^. 
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The following matrix-valued difrerential oper- 
ator T on B.n,m defined by 



dZj dZ 



is invariant under the action (2) of G^. There- 
fore each (/c, /)-entry T^/ of T given by 



, 1 < k,l < m 



is an element of D(^Hn,mj- 

Indeed it is very complicated and difficult at 
this moment to express the generators of the 
algebra of all G-^-invariant differential opera- 
tors on ID)n,m explicitly. In particular, it is ex- 
tremely difficult to find explicit G^-invariant 
differential operators on IH[n,m of odd degree. 
We propose an open problem to find other 
explicit G-^-invariant differential operators on 
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4. Partial Cayley transform 

Let 

j:>n = {w e c^''''') \w=^w, in- wW > 0} 

be the generalized unit disk of degree n. We 
let 

D — D V r(^''^) 
be the Siegel-Jacobi disk. 

We define the partial Cayley transform 

by 

<t>^(W,v)= (11) 




where W G and 77 g C^"^'^). It is easy to see 
that 0* is a biholomorphic mapping. 
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We set 



-*- ^ J I • TT • "W 



We now consider the group defined by 

\J ^ _£. ^ \J -/.>):• 

TInen acts on Dn,m transitively by 

I ^j,(A,/x,A.)j -(^-,7;)= (12) 



Theorem 5 (J.-H. Yang [17], 2005). The 

action (2) of G'^ on Hn,m is compatible with 
the action (12) of Gi on Dn,m through the 
partial Cayley transform O*. More precisely, if 
go e and {W,r]) G Dn,m, 

where ^* = T^^g^T:^. 
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5. Invariant Differential Operators 

on Y)n,m 

For a coordinate {W,r]) G Dnm with W = 
{w^u) G Dn and = {r^^i) G C^^'^X we put 

dVK = {dw^y), dW = {dw^y), 
dr] = {dr]j,i), dr] = (dfij,i), 



a _ 


|1 + S^^,. 


d 


dW 




dWf_ijy 


d _ 




d 


dW 




dWi_iiy 


d _ 


( ^ 

drill ' ' ' 

' m 


d 


dr] 


m ■ 

d 


d 



\dmn ' ' ' dr]mn/ 



d__ _9_\ 

Theorem 6 (J.-H. Yang [18], 2005). Tine 
following metric ds'^^.j^^ defined by 
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1-2 _ 

Atr{{In - WW)-'^dW{In - WWy'^dW) 
+ B\tv{{In-WW)-^\dr])dr]) 

+ tr{{^r]W -r]){In-WWy^dW 

{In-WW)-^\dr])) 
+ tr{{r]W -r^){In-WWy^dW 

{In-WW)-^\dr])) 

- tv[{In-WWy^^r]r]{In-WW)~^ 

wdw^in - wwy^dw) 

- tv{w{In-WW)~^^rjr]{In-WW)-^ 

dW{In-WW)~^dw) 
+ tv[{In-WW)~^^rir]{In-WW)-^ 

dW{In-WW)~^dw) 
+ tv{^{In-W)~^^r]r]W {In-WW)-^ 

dw{in-wwy^dw) 

+ tr{{In-W)-^{In-W){In-WW)-^^ 

^rjT] (In - WW)-^ (In - W)(In - W)'^ 



- Btr((In-WW)-^(In-W)(In-Wy 



Ln — VV VV ) { In — VV ){ In — VV } ^ 

^VV {In - W)~^ dW{In - WW)~^dW) 



is a Riemannian metric on Dn,m wliicli is in- 
variant under tine action (12) of Gi. 

l^n = m = A = B=l, then ds^ = ds^ -,.11 'S 
given by 



1 ,^2 dWdW ^ 1 , _ 

(1 + |V^|^)|r/|2 - Wt]^ - Wrj^ 



rjW — rj 



Theorem 7 (J.-H. Yang [18], 2005). The 

Laplacian A = An,m;A,B of tine above metric 
K,m-A,B 's given by ' ' 
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A =Altr 



(In - WW)(^iIn - WW) 



d 



d 



dWJ dW 



+ tr 



+ tr 



- tr 



- tr 



+ tr 



+ tr 



t 



(?7 — r]W) 

t 



V d 



-]{In- WW) 



d 



dW 



(^-riW)\(In-WW)^)l^ 

ryWC/n - WW)-^^v[^] (^n - WW)^ 

\orj J orj 

vWiln - WW)-^^r][^] (In - WW)^ 

\or] J or] 

rjiln - WW)-^ ^V\^ 1 (In - WW) 



drj 



d_ 
drj 



rjWW(In - WW)-^ ^^1^1 (In - WW) 



V d 



drj 



d' 
drj 



+ S-tr 



{In - WW) 



d t/ d 
drj \drj 
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lfn = m = A = B = l, we get 



\2\2 



Ai,i;i,i = 

+ (1 - \W\'^) 



d- 



dWdW 



drjdrj 



+ (1 - \W\^){r] -riW) 
+ (1 - \ W\^){ri - r]W) 



+ + 



92 



dWdr] 
dWdr] 



drjdr] 
drjdrj 



The main ingredients for the proof of Theorem 
6 and Theorem 7 are the partial Cayley trans- 
form (Theorem 5), Theorem 1 and Theorem 
2. 



Let D(Dn,m) be the algebra of all differential 
operators Dn,m invariant under the action (12) 
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of Gi. By Theorem 5, we have the algebra 
isomorphism 

D(Dn,m) =0(Hn,m). 

6. A fundamental domain for 

Before we describe a fundamental domain for 
the Siegel-Jacobi space, we review the Siegel's 
fundamental domain for the Siegel upper half 
plane. 

We let 

Vn = [y e M^^'^) I y = V > } 

be an open cone in M^(^+^)/2 -phe general 
linear group GL(n,M) acts on Vn transitively 
by 

hoY = hY^h, heGL(n,R), YePn- 
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Thus Vn is a symmetric space diffeomorphic to 
GL{n,R)/0(n). We let 



GL(n,Z) = |/i G GL(n,M) 



is integral 



be the discrete subgroup of GL(n,M). 

The fundamental domain IZn for GL{n,Z)\Pn 
which was found by H. Minkowski [5] is defined 
as a subset of Vn consisting of y = (yij) e Vn 
satisfying the following conditions (M.1)-(M.2) 
(cf. [4] p. 123): 

(M.l) aY^a > yj.j. for every a = {ai) G 
in which a/., • • • ,an are relatively prime for k = 
1,2, •• • ,n. 

(M.2) yk,k+i>0 for /c= 1,... ,n- 1. 

We say that a point of T^n is Minkowski reduced 
or simply M- reduced. 
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Siegel [8] determined a fundamental domain 
Tn for rn\Hn, wliere Vn = Sp(n,Z) is tine Siegel 
modular group of degree n. We say that Q = 
X + iY e Hfi with X, Y real is Siegel reduced 
or S-reduced if it has the following three prop- 
erties: 



(S.l) det(Im (7-Q)) < det(Im (Q)) for all 7 G 



(S.2) y = Im Q is M-reduced, that is, Y G 7^n ; 



(S.3) 



< ^ for 1 < 2, j < n, where X = 



Tn is defined as the set of all Siegel reduced 
points in H^. Using the highest point method, 
Siegel [8] proved the following (F1)-(F3) (cf. 
[4], p. 169): 
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(Fl) \~n ' J^n — Hn, i.e., Hn — U^^Pn^ ' ^n- 



(F2) Tn is closed in H^. 

(F3) J^n is connected and the boundary of J^n 
consists of a finite number of hyperplanes. 

The metric dsi.-^ induces a metric ds% on 

At, J- J~ n 

Tn- Siege! [8] computed the volume of Tn 

n 

vol {Tn) = 2 n 7r-V(A;)C(2A;), 

k=l 

where r(s) denotes the Gamma function and 
C(5) denotes the Riemann zeta function. For 
instance, 

vol(^i) = ^, vol (^2)= 



3' 270' 



TT^ . Trio 



vol (^3) = vol (^4) = 



127575 200930625 
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Let fkii^<k<m, 1 < / < n) be the m x n 
matrix with entry 1 where the k-th row and the 
/-th column meet, and all other entries 0. For 
an element Q e Hn, we set for brevity 

hj,i(n) = fj,in, l<k<m, l<l<n. 
For each Q g J^n, we define a subset Pq of 

{m n 
E E >^kifki + ^f=iE]=imhkim 
k=ij=i 

For each Q g J^n, we define the subset Dq of 
H72,m by 

= { (Q, Z) G Hn,m I ^ e Pq }. 

We define 
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Theorem 8 (J.-H. Yang [19], 2005). Let 

p — r IX 

' n,m — I n 1^ 

be the discrete subgroup of G^. Then Tn,m is 
a fundamental domain for rn,m\Hn,m. 

Proof. The proof can be found in [19]. □ 

*sX^ "nA^ sJ^ <u^^ <u^^ <n^^ <n^^ <n^^ <n^^ <n^^ sJ^ <n^^ <n^^ <n^^ "H^^ <H^^ <H^^ "H^^ <H^^ "H^^ 
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7. Maass-Jacobi forms 

Definition. For brevity, we set An,m = ^n,m;i, 
(cf. Theorem 2). Let 

p — r b< 77^^'^) 

be the discrete subgroup of G"^. A smooth 
function / : Hn,m — > C is called a Maass- 
Jacobi form on Hn,m if / satisfies the follow- 
ing conditions (MJ1)-(MJ3) : 
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(MJl) / is invariant under Fn^m- 

(iVIJ2) / is an eigenfunction of An,m- 

(MJ3) / lias a polynomial growth, that is, 
there exist a constant C > and a positive 
integer N such that 

\f(X + iY,Z)\<C\p(iY)\^ 
as dety — > oo, 

where is a polynomial \n Y = (vij). (cf. 

See Section 6) 

It is natural to propose the following problems. 
Problem C. Construct Maass-Jacobi forms. 



Problem D. Find all the eigenfunctions of 
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We consider the simple case n = m = A = B = 
1. A metric ds'j_ ^ = ds'j_ -^.^ on Hi x C given 
by 



o y ~\~ '^'^ 9 9 1 9 9 

dsi I = :s — {dx -\- dy ) -\ {du -\- dv ) 

y6 y 

2v 

— {dx du + dy dv ) 

is a G-^-invariant Kainier metric on Hi x C. Its 
Laplacian Ai i is given by 

Ai,i =y^{ — + 



dx^ dy^ 



dv?- dv^ 



+ 2yv — — + 



y dxdu dydv 

We provide some examples of eigenfunctions 
of Ai,i. 
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(1) h(x,y) = y^K _i (27r|a|^) e^™^ (5 G C, a 7^ 

S 2 

0) with eigenvalue s(s — 1). Here 

Ks(z) := ^ I" exp + t-i)} t^-i dt, 

wliere Re^; > 0. 

(2) y^, y^x, y^u (s G C) with eigenvalue — 1). 

(3) y^xv with eigenvalue s(s + 1). 

(4) X, y, u, V, XV, uv with eigenvalue 0. 



(5) All Maass wave forms. 



7.1. Eisenstein Series 



Let 




(0,n,/^) 



m,n, K E Tj 
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be the subgroup of Fi^i = SL2(Z) k H^'^\ 



,- . . a b 

For 7 = 



,(A,/x,/^)^ G Fi^i, we put 



c 

(r-^, 2;-^) = 7 • (r, z). That is, 

-1 



Tj = {ar + b){cr + d) , 
Zj = (2; + At + z/)(cT + (i)""'". 

We note that if 7 G Ti 1, 

Im = Im r, Im = lmz 

if and only if 7 g ^f^i- For 5 g C, we define an 
Eisenstein series formally by 

Es(t, z) = (Im T^y ' Im zj. 

7er- \ri,i 

Then Es(r,z) satisfies formally 

Esij'iT,z)) = EsiT,z), jeri^i 

and 

AEs(t, z) = s(s + 1)Es(t, z). 
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7.2. Fourier Expansion of Maass-Jacobi 
Form 



We let / : Hi X C — ^ C be a Maass-Jacobi 
form with A/ = A/. Tinen / satisfies tine fol- 
lowing invariance relations 

/(r + n, z) = /(r, z) for all n G Z 

and 

/(r, z + niT + 712) = f{r,z) 

for all ni, n2 G Z. Therefore / is a smooth 
function on Hi x C which is periodic in x and 
u with period 1. So / has the following Fourier 
series 

For two fixed integers n and r, we have to 
calculate the function cn,r(y,v)- For brevity, we 



43 



put F{y,v) = cn,r{y,v). Then F satisfies the 
following differential equation 



y TT^ + {y + v ) — ^ + 2yv 



F 



dy^ dv^ dydv 

= {iay + bvf + b^y + x] F. 

Here a = 27rn and b = 27rr are constant. We 

1 

note that the function u(y) = y^K _i(27r|n|?/) 

S 2 

satisfies the above differential equation with 
A = s(s — 1). Here Ks{z) is the K-Bessel func- 
tion before. 



Problem : Find the solutions of the above dif- 
ferential equations explicitly. 



Problem : Develop a Fourier expansion of a 
Maass-Jacobi form in terms of the Whittaker 
functions. 



"^d^ "^d^ "^d^ "^X^ "^X^ ''X^ ''X^ ''X^ "^X^ ''X^ ''X^ ''X^ 

*'TN *'Ts *'Ts *'Ts *'Ts *'Ts *'Ts *'Ts *'TN *'Ts *'Ts *'Ts *'Ts *'Ts *'Ts *'Ts *'Ts *'TN *'Ts *'Ts *'Ts *'Ts *'Ts *'Ts *'Ts *'Ts *'TN *'Ts *'TN *'Ts *'Ts *'Ts *'Ts *'Ts *'Ts *'Ts *'Ts 

44 



8. Spectral theory of ^n,m\A,B 

Problem : Develop the spectral theory of An,m 
on Tn ,m- 

Step 1. Spectral Theory of Aq on Aq 

Step 11. Spectral Theory of An on J^n (Hard 
at this moment) 

Step III. Mixed Spectral Theory 

Step IV. Combine Step I-III and more advanced 
works to develop the Spectral Theory of An,m 

on J^n 

[Very Complicated and Hard at this moment] 
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I will explain Step I-IV in more detail. 
[Step I] For a fixed element Q e Hn, we set 

Then Lq is a lattice in C^^'^) and the period 
matrix Q* = (/n,^) satisfies the Riemann con- 
ditions (RC.l) and (RC.2) : 

(RC.l) Q*JnQj^ = 0; 

(RC.2) -iQ*Jnnf >0. 

Thus the complex torus = C^^'^V^Q an 
abelian variety. For more details on Aq, we 
refer to [6]. 

We write Q = X+iY of Hn with X = Re Q and 
y = Im Q. For a pair (A, B) with A,B e Z^^'^), 
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we define the function ^q-^^ : C^^'^) — > C 
by 

27ri (tr (A^t/ )+ tr Ub-AX)Y-^V^) ) 

where Z = U + iV '\s a variable in C^^'^) with 
real U,V. 

Theorem : The set | E^-a^b I ^, ^ ^ z^^'^) } 

is a complete orthonormal basis for L^(Aq). 
Moreover we have the following spectral de- 
composition of Aq: 

[Step II] The inner product ( , ) on L^{Tn) is 
defined by 

(^'^^^ir/^''^^^''^ (dety)^+i - 



L^i^n) is decomposed as follows 
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The continuous part L^onti^n) can be under- 
stood by the theory of Eisenstein series de- 
veloped by Alte Selberg and Robert Langlands. 
Also the residual part L'^es(^n) can be under- 
stood. But the cuspidal part i^cuspC-^n) has not 
been well developed yet. We have little knowl- 
edge of cusp forms. 

For instance, if n = 1, then every element / in 
L^(^i) is decomposed into 



Here go = y ^ , {gn | n > 1 } is an orthonormal 
basis consisting of cusp Maass forms. The 
Eisenstein series Eg (s e C) is defined by 



Esin)= (Im(7.Q))^ QgHi 



n=0 JRes—^ 




7Gri(oo)\ri 

Here Fi = 5p(l,Z) = SL{2,Z) and 



Fi(oo) = {7G Fil 7-00 = 00}. 
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[Step III-IV] The inner product ( , )n,m on 
L^{^n,m) is defined by 



The continuous part ^cont understood 
by the theory of Eisenstein series with some 
more work. But the cuspidal part i^cusp "^^t 
been developed yet. This part is closely related 
to the theory of Maass-Jacobi cusp forms. 

We have the following natural question : 

Problem. Develop the theory of Maass-Jacobi 
forms (e.g., Hecke theory of Maass-Jacobi forms, 
Whittaker functions etc). 



U.g) 



[ f(n,z)g(n,z) 



[dX] [dY] [dU] [dV] 
(dety)^+^+i 




cont 
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9. Decomposition of the regular 
representation of 



It is very important to decompose the regular 
representation of on L^{\~n,m\G'^^ into ir- 
reducible (unitary) representations. Here 

For brevity, we put 

Tlien tine regular representation of is de- 
composed into 

where is the discrete part of and is the 
continuous part of L^. The continuous part of 
can be understood by the Langlands' theory 
of Eisenstein series with some more work. We 
decompose as 



TT 
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10. Open Problems 



We list the problems to be investigated in the 
future. 

Problem 1. Find explicit algebraically indepen- 
dent generators of D(Hn,m)- 

Problem 2. Find explicit algebraically indepen- 
dent generators of Pol^,^ = Pol(Tn,m)^. Here 
K = U{n). Decompose the representation p of 
K ov = GLinX) on Pol(Tn,m) explicitly. 
More precisely if 

p= ^ macr 

aeK 

we want to know the multiplicity ma- I think 
that the representation is not multiplicity free. 

[Remark]: For a positive integer r, we let 
Pol[^] (Tn) denote the subspace of Pol(Tn) con- 
sisting of homogeneous polynomial functions 
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on Tn of degree r. The action of K or on 
Pol[^](Tn) is multiplicity- free (cf. L. Hua, W. 
Schmid, G. Shimura et al). 

Problem 3. Let (Qi,Zi) and (^2,^2) be two 
given points in Hn,m- Express the distance 
between and (^2,^2) ^or the metric 

ds?, ^. A jD explicitly. 

Problem 4. Compute the multiplicity in 
= Ett^tt^ 'i^ Section 9. Investigate the 
unitary dual of G^. 

[Remark]: The unitary dual of Sp(n,R) is not 
known for n > 3. 

Problem 5. Investigate the Schrodinger-Weil 
representations of G'^ in detail. 



Problem 6. Develop the theory of the orbit 
method for G^. 
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Problem 7. Find the trace formula for G'^ with 
respect to Vn^m- 

Problem 8. Find Weyl's law for . Discuss 
the existence of nonzero Maass-Jacobi cusp 
forms. 

Problem 9. Describe the Fourier transform, 
the inversion formula, the Plancherel formula 
and the spherical transform explicitly. 

Problem 10. Discuss the existence and unique- 
ness of the Whittaker model (e.g., via an in- 
tegral transform). In the case n = m = 1, 
R. Berndt and R. Schmidt gave two meth- 
ods to obtain the Whittaker models (1) by 
the infinitesimal method and the the method 
of differential operators, and (2) via an inte- 
gral transform [cf. Progress in Math. Vol. 163 
(1998], pp. 63-73]. 



53 



V. References 



[1] R. Langlands, On the Functional Equa- 
tions Satisfied by Eisenstein Series, Lecture 
Notes in Math. 544, Springer- Verlag, Berlin 
and New York (1976). 

[2] H. Maass, Uber eine neue Art von nicht- 
analytischen automorphen Funl<tionen und die 
Bestimmung Dirichletscher Reihen durch Fun- 
tionalgleichungen, Math. Ann. 121 (1949), 
141-183. 

[3] H. Maass, Die Differentia Igleicliungen in 
der Theorie der Siegelschen IVIodulfunl<tionen, 
Math. Ann. 26 (1953), 44-68. 

[4] H. Maass, Siegel modular functions and 
Dirichlet series, Lecture Notes in Math. 216, 
Springer- Verlag, Berlin and New York (1971). 

54 



[5] H. Minkowski, Gesammelte Abhandlungen, 
Chelsea, New York (1967). 

[6] D. Mumford, Tata Lectures on Theta I, 
Progress in Math. 28, Boston-Basel-Stuttgart 
(1983). 

[7] A. Selberg, Harmonic analysis and discon- 
tinuous groups in weakly symmetric Rieman- 
nian spaces with applications to Dirichlet se- 
ries, J. Indian Math. Soc. B. 20 (1956), 47- 
87. 

[8] C. L. Siegel, Symplectic Geometry Amer. 
J. Math. 65 (1943), 1-86; Academic Press, 
New York and London (1964); Gesammelte 
Abhandlungen, no. 41, vol.11. Springer- Verlag 
(1966), 274-359. 

[9] C. L. Siegel, Topics in Complex Function 
Theory, Wiley-Interscience, New York, vol. Ill 
(1973). 

55 



[10] A. Weil, Sur certains groupes d'operateurs 
unitaires (French), Acta Math. Ill (1964), 
143-211. 

[11] J.-H. Yang, The Siegel-Jacobi operator, 
Abh. Math. Sem. Univ. Hamburg 59 (1993), 
135-146. 

[12] J.-H. Yang, Singular Jacobi Forms, Trans. 
Amer. Math. Soc. 347 (6) (1995), 2041- 
2049. 

[13] J.-H. Yang, Construction of vector val- 
ued modular forms from Jacobi forms, Cana- 
dian J. of Math. 47 (6) (1995), 1329-1339. 

[14] J.-H. Yang, A Geometrical Theory of Ja- 
cobi Forms of Higher Degree, Proceedings of 
Symposium on Hodge Theory and Algebraic 
Geometry (Editor: Tadao Oda), Sendai, Japan 



56 



(1996), 125-147 or Kyungpook Math. J. 40 
(2000), 209-237 or arXiv:math. NT/0602267. 

[15] J.-H. Yang, The Method of Orbits for 
Real Lie Groups, Kyungpook Math. J. 42 (2) 
(2002), 199-272 or arXiv:math.RT/0602056. 

[16] J.-H. Yang, Invariant metrics and Lapla- 
cians on Siegel-Jacobi spaces, Journal of Num- 
ber Theory, 127 (2007), 83-102 or arXiv:math. 
NT/0507215 v2. 

[17] J.-H. Yang, The partial Cayley transform 
of the Siegel-Jacobi disk , J. Korean Math. 
Soc. 45 (3) (2008), 781-794 or arXiv:math.NT 
/0507216 v2. 

[18] J.-H. Yang, Invariant metrics and Lapla- 
cians on Siegel-Jacobi disk, arXiv:math. NT 
/0507217 v2 or to appear in Chinese Annals 
of Math. 

57 



[19] J.-H. Yang, A note on a fundamental do- 
main for Siegel-Jacobi space, Houston Journal 
of Mathematics, Vol. 32, No. 3 (2006), 701- 
712 or arXiv:math. NT/0507218. 

[20] J.-H. Yang, A note on invariant differen- 
tial operators on Siegel-Jacobi spaces, arXiv:math. 
NT/0611388 v2 or revised version (2009). 



Thank You Very Much !!! 

******** 
******** 
******** 



******** 

58 



